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Abstract

The development of a three-dimensional spa-
tially evolving compressible mixing layer is in-
vestigated numerically using a parallel implemen-
tation of Adaptive Mesh Refinement (AMR) on
a Cray C-90. The parallel implementation al-
lowed the flow to be highly resolved while signif-
icantly reducing the wall-clock runtime. A sus-
tained computation rate of 5.3 Gigaflops includ-
ing I/O was obtained for a typical production
run on a 16 processor machine. A novel mixing
layer configuration is investigated where a pres-
sure mismatch is maintained between the two in-
let streams. In addition, the sonic character of
the two streams is sufficiently different so that
the pressure relief wave is trapped in the high
speed stream. The trapped wave forces the mix-
ing layer to form a characteristic cellular pattern.
The cellular structure introduces curvature into
the mixing layer that excites centrifugal instabili-
ties characterized by large-scale counter-rotating
vortical pairs embedded within the mixing layer.
These are the dominant feature of the flow. Vi-
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sualizations of these structures in cross-section
show the pumping action which lifts dense fluid
up into light gas. This effect has a strong im-
pact on mixing enhancement as monitored by a
conserved scalar formulation. Once the large-
scale structures are well established in the flow
and undergo intensification from favorable veloc-
ity gradients, the time-averaged integrated prod-
uct shows almost a four-fold increase. A spectral
analysis of the flowfield over the cellular struc-
tures, as part of a full space-time analysis, shows
these structures to be zero-frequency modes that
develop from low level essentially broad-banded
noise. This characterization of the vortical struc-
tures and their appearance is consistent with a
recent linear stability analysis of a mixing layer
over a curved wall that predicts the most unsta-
ble modes to be zero frequency streamwise vor-
tices. Time series spectral analysis of the span-
wise velocity in the far field, near outflow, shows
an inertial range in the mid to high frequencies.
Above this region is a clear dissipative range out
to the Nyquist frequency with no anomalous ac-
cumulation of energy at or near the highest fre-
quencies.

Introduction

A mixing layer can be thought of as a sim-
ple model for the injection process that occurs in
combustors and propulsion systems. In such sys-
tem, the co-flowing streams of fuel and oxidizer
are mixed by large scale motions and entrain-



ment and also by the actions of molecular diffu-
sion. In high speed flows, the large scale motions
are known to be significantly modified by the in-
creased Mach number. Among the effects are the
inhibition of large-scale vortical structure forma-
tion, decreased entrainment and mixing of the
fluids, and a decrease in the overall layer growth
(1, [2], (3], [4]-

Attempts to overcome the decreased instabil-
ity of high speed shear flows has lead to the
investigation of alternative scenarios for mixing
enhancement. This line of investigation has in-
cluded studies aimed at understanding the effect
of walls [5], [6] and shock interactions on the de-
velopment of mixing layers [7]. The presence of
walls has been shown to result in new families
of instability modes. But direct simulations have
shown that these wall modes do not play an im-
portant role in the transition process [8]. Using a
shock wave to enhance mixing provided marginal
enhancement [7]. But that may be more a result
of the artificial way the shock wave was intro-
duced into the domain than the effect of a shock
wave on the mixing layer.

The present numerical study addresses the de-
velopment of a three-dimensional spatially evolv-
ing mixing layer in a high speed regime that ex-
hibits a different development than has been pre-
viously investigated. This flow has a convective
Mach number near unity with one stream sub-
sonic and one stream supersonic. The flow is
confined within a rectangular duct thus introduc-
ing wall effects. Also, a shock wave is introduced
naturally into the flow by maintaining a pressure
mismatch between the in-flowing streams, a com-
mon occurrence in practical systems.

The pressure mismatch results in a shock wave
emanating from the splitter plate and propagat-
ing into the lower high speed stream. In addi-
tion, the deflection of the shear layer leads to
baroclinic production of spanwise vorticity across
the layer. The sonic difference between the two
streams is sufficiently large so that the wave is
trapped entirely within the the dense high speed
layer. The ducting of the wave and the expan-
sion/compression pattern resulting from interac-
tion with the free surface results in a character-
istic cellular structure. A schematic of this con-

Figure 1: Schematic showing cellular structure
formed by the shock wave and mixing layer in-
teraction. The arrows show the relative in-
flow velocities. The solid lines represent the
shock/compression waves, the small dashed lines
represent expansion wave trains and the heavy
dashed line represents the location of the mixing
layer.

figuration is shown in figure 1. We refer to the
x direction as the streamwise direction, y is the
vertical direction and z is the spanwise direction.

The interactions of the oblique shock wave
with the mixing layer introduces perturbations
to the velocity and density fields of the mix-
ing layer. Hence the trapped compression wave
serves two purposes:(1) to introduce curvature
onto the mixing layer and (2) to introduce finite
three-dimensionality into the mixing layer.

The curvature of the mixing layer leads to
embedded, or for simplicity referred to later as
streamwise vortices, vortices formated in a man-
ner similar to that for Gortler vortices in the
the boundary layer or Taylor vortices in Couette
flow. That is, there is vortex stretching (enhance-
ment) exerted by favorable velocity gradients in
the curved mixing layer plane. This leads to in-
tensification of the vortical perturbations thus
forming counter-rotating vortex tubes embedded
within the mixing layer plane. There is an im-
portant difference between the present case and
other centrifugal instabilities (e.g., the Gortler
case). In this one the high speed flow is inside,
relative to the curvature, and next to the wall.



In the Gortler case, there is low speed flow next
to the wall. A recent linear stability analysis for
mixing layers over curved walls for the case where
the high speed flow is inside, relative to the cur-
vature predicts the most unstable modes to be
zero phase streamwise vortices [9]; precisely the
type of structures observed.

Contrary to other high speed mixing layer con-
figurations, the present one produces a flow field
dominated initially by large-scale streamwise vor-
tical structures. These structures take the place
of spanwise rollers found in low speed flow and
provide an efficient means for pumping fluid be-
tween the two streams due to their long stream-
wise extent. The computation is carried out
through a flow field transition characterized by a
breakdown from the large-scale coherent stream-
wise vortices to that of complicated finescale vor-
tical structures.

The development of a parallel version of AMR
has allowed studying the flow development at a
high level of resolution while reducing the elapsed
wall-clock time compared to simulating the flow
on a single processor. Also, using the machine
in dedicated mode allowed using essentially the
entire solid state disk (SSD) as a large I/O buffer
(approximately 200 megawords) before writing to
disk. With this approach, we were then able to
use the SSD as a large buffer for writing asyn-
chronously to rotating disk without incurring a
CPU penalty. Intelligent design of I/O dataflow
was required to accommodate the large amount
of data generated for the space-time analysis and
for generating flowfield visualizations.

Problem Description

The inlet conditions are that of a non-pressure
matched subsonic/supersonic mixing layer with
an asymmetric placement of the splitter plate
(see figure 1). The gases are assumed to have
equal v’s set to 1.4. We nondimensionalize the
variables in the problem by choosing the lower
channel width times 1.5 as the reference length,
the upper stream density as the reference den-
sity and the upper inlet pressure (divided by ~)
as the reference pressure. Note that these choices
gives the upper stream inlet sound speed as one.

This reduces the parameter space of the prob-
lem to three parameters. Namely, they are inlet
velocity ratio, inlet pressure ratio, and inlet den-
sity ratio. The asymmetry in width between the
upper and lower channel inlets is about 4 to 1.

The initial conditions are Uypper/Uiower = 3,
pupper/plower = 3.6 and pupper/plower = .25.
These conditions give an upper stream inlet Mach
number of 0.3 and a lower stream inlet Mach
number of 3.4.

Overall, the domain size is 65 (x) by 4 (z) by 6.5
(v), where x is the streamwise direction, y is ver-
tical and z is spanwise. The effective resolution
on the finest grid (see next section) is 1040(x) by
104(y) by 64(z) cells.

The flow is perturbed in all three velocity com-
ponents over two momentum thicknesses about
the splitter plate by 2% of the mean streamwise
velocity times a random amplitude between zero
and one.

Methodology

The equations used to model this flow are the
Euler equations for an ideal gas. They are solved
in conservative form using the higher-order Go-
dunov method developed by Colella [10]. This is
a high resolution finite difference algorithm that
robustly treats flow discontinuities, has a local
nonlinear dissipation mechanism for suppression
of spurious oscillations, provides accurate treat-
ment of nonlinear wave structure by solving a
local Riemann problem and has low phase error
properties. The nonlinear dissipation mechanism
provides a means for dissipating kinetic energy in
a smooth fashion into internal energy thus acting
as a high wavenumber sink. This mechanism oc-
curs automatically without incorporation of an
explicit sub-grid dissipation model.

A conserved scalar formulation is used as a di-
agnostic tool to assess mixing. It provides a sim-
ple model for an infinite rate, irreversible, no heat
release, binary reaction. This reduces to solving
an additional advection equation for the density
weighted scalar. From the scalar, the individual
species can be computed.

The higher-order Godunov integrator is uti-
lized by an Adaptive Mesh Refinement (AMR)
shell based on the original ideas of Berger and



Oliger [11] and later by Berger and Colella [12].
The AMR methodology enables simulation of
complex problems by reducing the computational
and storage requirements by concentrating the
computational effort in regions requiring high ac-
curacy. The computational effort is concentrated
by locally refining the computational grid and
generating a hierarchy of grids. It has been suc-
cessfully used for a wide variety of problems in
both two-dimensions [12] and three-dimensions
[13]. In the current implementation, all grids are
considered logically rectangular. AMR provides
the means for managing the grid hierarchy. This
includes regridding, advancing (in time) grids,
and synchronizing (in time) the grid hierarchy.
The AMR shell is implemented in C++ while the
higher-order Godunov integrator is implemented
in FORTRAN [15].

The current problem had one level of refine-
ment over the base grid. The refinement ratio
between the base grid and the refined level was
four. Near the inlet, the refinement was restricted
below a vertical level of two length units. After
transition, the refinement was restricted below a
vertical level of four length units. Overall, 40%
of the domain was refined to the highest level.

The overhead associated with the the manip-
ulation of the AMR data structures in the C++
part of the code is small. Most of the time is
spent executing floating point operations on reg-
ular rectangular arrays which are very efficiently
compiled in FORTRAN. As a result, the program
as a whole reaches speeds of over 390 megaflops
on a single C-90 processor.

A parallel shared-memory version of AMR was
developed as part of the National Energy Re-
search Supercomputing Center’s (NERSC) Spe-
cial Parallel Processing Allocation (SPPA). The
parallel implementation was used for this applica-
tion and run on the NERSC C-90 using 16 proces-
sors. See [14] for details of the implementation.
The implementation utilizes a coarse-grained ap-
proach to parallelism in which each grid is in-
tegrated forward in time by a single processor.
With approximately 100 grids on the finest level
of refinement, there is abundant opportunity for
parallelism. High parallel efficiency is achieved
using a ready-queue approach [14].

Due to the large amount of data required for
space-time analysis and visualization, optimiza-
tions were needed to to avoid disk I/ O slow-down.
The Solid State Disk (SSD) had a large buffer al-
located on it to which the CPU wrote data. Once
the data is written there, the CPU is free to con-
tinue computation. The I/O Cluster bypasses
the CPU and writes the data in the buffer asyn-
chronously to rotating disk. The I/O speedup
when compared to directly writing to disk was
approximately 30.

A representative timing of a production run us-
ing this methodology on the 16 processor NERSC
C-90 achieves an average rate of 5.293 gigaflops as
measured using the hardware performance mon-
itor. This included start-up and shut-down I/O
and writing 8.1 gigabytes of data in 307 files over
the course of the run. Wall clock time was 9300
seconds and used 128,209 CPU seconds.

Flow field Analysis

The computational domain contains approxi-
mately 4.2 millions zones so saving all of the data
at every time step is not feasible. Specialized
data structures, referred to as slabs, were con-
structed so that a coarsened representation of the
data was saved at each coarse grid time step (af-
ter all transients had passed and the statistics
where stationary). These structures preserve the
refined spatial representation of the data where
it exists. Data was saved at 65 locations down-
stream over the full cross section of the domain.
This gives a streamwise spatial resolution of ap-
proximately 10 slabs per cellular structure, or one
slab every streamwise length unit.

We also have the entire flowfield available for
a fixed point in time. In figure 2 slices in the
x-y plane of the density field (see coordinate sys-
tem in figure 1 for orientation) are shown for four
z coordinate locations. Note that cellular struc-
ture and the pressure relief wave. Downstream of
the second cell, the flow character changes from
highly organized to three-dimensional structure
exhibiting intermittancy and large fluctuations.

The effect of the streamwise structures is pri-
marily to pump dense fluid upward forming
mushroom structures. In figure 3 four density
field planes are over the backside of the second



cell. The first frame is at the apex of the curva-
ture, continuing through transition. The denser
fluid is colored dark gray and it penetrates into
the lighter gas. The lighter gas penetrates much
less into the heavy gas due the reduced density.

From the conserved scalar formulation, the for-
mation of product can be used as a crude mea-
sure of mixing. The time averaged values of the
computed product are integrated over each of
the data acquisition slabs (integrated in y and
z coordinate directions) and are shown as a func-
tion of streamwise coordinate in figure 4. For
reference, the first cell has extent in nondimen-
sional length units, 5 < x < 16, and the second
cell, 16 < = < 25. Over the first cell, there is
minimal mixing; probably limited by numerical
diffusion. But over the second cell, where the
streamwise structures are fully formed and un-
dergoing strong intensification, there is almost
a four-fold increase in integrated product. Af-
ter the transition, there is another factor of two
increase in product, but the rate of production
is substantially decreased and is decreasing with
downstream distance.

The downstream evolution of the streamwise
vortices is analyzed by examining the spanwise
sine transform of the fluctuating vertical velocity
for the first few lowest frequencies. Recall that
0v/0z is a component of the streamwise vorticity.
The first plot, figure 5, shows the spanwise power
spectra at the apex of the first cell for the four
lowest discrete frequencies. The vertical location
for the analysis is in the mid-plane of the mixing
layer. The zero frequency component is at a very
weak power level for all modes and w = 0.08 fre-
quency component is the most dominant. As we
move downstream to the apex of the second cell
(shown in figure 6), at the mixing layer mid-plane
vertically, we see that the zero frequency w = 0.0
component is the dominant one. Note that the
spectra for the higher frequencies not shown are
at a significantly lower power level from those
displayed. This is in agreement with the theo-
retical prediction of Liou that a curved layer of
this type has most unstable modes that are zero-
frequency streamwise vortices. Furthermore, our
visualizations show that these structures are in-
deed streamwise vortices that occur in counter-

rotating pairs. This is an important result since
it shows that the mixing layer curvature neces-
sary to generate streamwise vortices can arise in
a more general setting where the curvature is due
to trapped wave interactions rather than a curved
bounding wall.

Time series spectra analysis of the spanwise ve-
locity in the far field, five length units before the
outflow boundary, is shown in figure 7. It shows
an inertial range at the mid to high frequencies.
Above this region is a clear dissipative range out
to the Nyquist frequency. There is no anomalous
accumulation of energy at or near the highest fre-
quencies.

References

[1] Chinzei, N., Masaya, G., Komuro, T., Mu-
rakami, A., Kudou, K., 1986, Spreading of
two-stream supersonic mixing layer, Phys.
Fluids A29 (5), pp. 1345-1347.

[2] Papamoschou, D., Roshko, A., 1986, Obser-
vations of supersonic free shear layers, ATAA
paper 86-0126.

[3] Papamoschou, D., Roshko, A., 1988, The
compressible turbulent shear layer: an ex-
perimental study, J. Fluid Mech., 197, pp.
453-477.

[4] Papamoschou, D., 1989, Structure of the
compressible turbulent shear layer, AIAA
paper 89-0126.

[5] Tam, C.K.W., Hu, F.Q., 1989, The instabil-
ity and acoustic wave modes of supersonic
mixing layers inside a rectangular channel,
J. Fluid Mech. 203, pp. 51-76.

[6] Greenough, J.A., Riley, J.J., Soetrisno, M.,
Eberhardt, D.S., 1989, The effects of walls
on a compressible mixing layer, ATAA paper
89-0372.

[7] Lu, P.J., Wu, K.C., 1991, On the shock
enhancement of confined supersonic mixing
flows, Phys. Fluids A 3 (12), pp. 3046-3062.



(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Gathmann, R.J., Si-Ameur, M., Mathey, F.,
Numerical simulations of three-dimensional
natural transition in the compressible con-
fined shear layer, Phys. Fluids A5 (11), pp.
2946-2968.

Liou, W.W., 1994, Linear instability of
curved free shear layers, Phys. Fluids 6 (2),
pp. 541-549.

Colella, P. 1985, A direct eulerian MUSCL
scheme for gas dynamics, STAM J. Sci. Stat.
Comput., pp. 104-117.

Berger, M.J., Oliger, 1984, Adaptive mesh
refinement for hyperbolic partial differential
equations, J. Comp. Phys. 53, pp. 484-512.

Berger, M.J., Colella, P., 1989, Local adap-
tive mesh refinement for shock hydrodynam-
ics, J. Comp. Phys., 82, pp. 64-84.

Bell, J.B., Berger, M.J., Saltzman, J., Wel-
come, M., three dimensional adaptive mesh
refinement for hyperbolic conservation laws,
UCRL-JC-108794, to appear in STAM J. Sci.
Stat. Computing.

Crutchfield, W.Y. 1994, A parallel adaptive
mesh refinement algorithm on the C-90, ER-
SUG paper.

Crutchfield, W.Y. and Welcome, M.L., 1993,
Object-oriented implementation of adaptive
mesh refinement algorithms, Scientific Pro-
gramming, vol. 2, pp. 145-156.

Greenough, J.A.; Bell, J.B., Direct simula-
tion of a shock-induced mixing layer, 1993,
UCRL-JC-112208.

Greenough, J.A.) Bell, J.B., Direct numer-
ical simulation of a shock-induced mixing
layer, 1993, J. Fluid Mech., in review.



& - -

i

g |
il

Figure 2: The density field is shown for four spanwise locations. The inlet is at the right. The
pressure relief wave emanating from the splitter plate is visible in the dense high speed layer. Note
the two cellular structures. Downstream of the second cell the flow transitions to a highly three-
dimensional state.

Figure 3: The density field is shown for four streamwise locations. The slices begin at the apex of
the second cell and end at the end of the cell, near the transition region. The pumping action of the

streamwise vortices is evident by the mushrooms formed in the mixing layer. The denser gas (dark
gray) penetrates deeply into the light gas forming long fingers with mushroom caps.
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Figure 4: The time averaged product, integrated over the spanwise cross-section, is shown as a
function of streamwise coordinate. For reference, the first cell has extent, 5 < = < 16, and the
second cell has extent, 16 < x < 25. There is minimal mixing over the first cell, while there is an
almost four-fold increase in the amount of integrated product over the second cell. After transition,
the rate of increase decreases but with another two-fold amount of integrated product.
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Figure 5: The spanwise power spectrum of the fluctuating vertical veloctity is shown for four discrete
frequencies for a vertical location at the mid-line of the mixing layer and a streamwise location at
the first cell apex. The zero frequency (w = 0.0) component is at a very power level.
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Figure 6: The spanwise power spectrum of the fluctuating vertical veloctity is shown for five discrete
frequencies for a vertical location at the mid-line of the mixing layer and a streamwise location at
the second cell apex. The zero frequency (w = 0.0) component is the dominant frequency.
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the outflow boundary, is shown for the 8 lowest wavenumbers. It shows an inertial range at the mid
frequencies. Above this region is a clear dissipative range out to the Nyquist frequency. There is no
anomalous accumulation of energy at or near the highest frequencies.
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